In this paper, combined rational and power functions are used to represent magnetization curves of high magnetic permeability ferromagnetic materials. The proposed functions cover much wider range of magnetic fields than functions currently used in simulation software packages. The objective is to present simple functions for approximation of magnetization curves with minimum number of unknown constants. The calculated functions are finally compared with measured magnetization curves to validate the precision in a wide field range from 10 −2 to 10 6 A/m.
presented [11] but it does not obtain one closed-form equation. Power functions could precisely model a fraction part of B-H curve but not the whole B-H curve from low field part to highly saturated part [12] - [14] .
In this paper, rational function and power function are combined for modeling very high permeability B-H curves. The constants of the proposed function are calculated by curve fitting tool. It is shown that the proposed function can accurately fit the measured B-H curve despite its noncomplicated equation. Finally, the proposed function is used for curve fitting of modified B-H curve corresponding to fundamental component of flux density for ac analysis.
II. BASIC STUDY A. Assumptions
Magnetization parameter, J versus magnetic field strength and relative magnetic permeabilities are represented as follows:
where µ 0 , µ r,a , and µ r,d are free space magnetic permeability, apparent relative permeability, and differential relative permeability. In order to calculate the analytical function, it must be considered that magnetization, J , is becoming constant when magnetic field strength, H is moving toward infinite and apparent and differential relative permeabilities must have one maxima between magnetic field strength, H = 0 until H = ∞. The former condition is necessary to model Rayleigh region of the B-H curve.
B. Basic Function
First-order rational function is a simple analytical function, which could match with B-H curve from low field to highly saturation. The main disadvantage of the first-order rational function is that it is not able to model Rayleigh region and relative permeability maxima could not be reproduced. In order to improve it, power of parameter, x, must be adjusted to value above 1
where a, a , and b are constants. The relative magnetic permeability for basic function (2) is as follows:
Maximum values for relative magnetic permeability is given in (4) . It is shown that smaller non-integer b less than 2 makes it possible increase maximum relative magnetic permeability and decrease corresponding field strength, H without changing parameters a and a , which is required for high permeability magnetic materials modeling. Parameters a and a could be adjusted for matching formula for the modeling of the saturation and knee of B-H curve. Fig. 1 shows schematic view of B-H curves and relative magnetic permeabilities versus magnetic field strength, which maximum value of differential relative permeability is always bigger than maximum value of apparent relative permeability
III. PROPOSED FUNCTION One possible form of the proposed function for combined rational function and power function could be as follows:
where a i , a i , b i , m, and n are constants. The big range of magnetic field strength between the small values for maximum relative permeability and large values for high saturation make to choose m and n values not equal to one. The parameters m and n are adjusted to improve curve fitting process; they have positive values less than 1. The relative apparent permeability and relative differential permeability are analytically calculated as
Different high permeability materials are used from two material data resources [15] - [17] to validate the analytical functions.
A. First Group of Materials
In this section, three Ni-Fe magnetic materials are used for curve fitting [15] , [16] . The number of power functions is limited to maximum three in the numerator and denominator of rational function
The number of unknowns in (7) is 9 with other unknown parameters m and n, which will be totally 11. The curve fitting process is used to find the unknowns [18] . The parameters m and n are adjusted by trial and error and they are not calculated by curve fitting to decrease the complexity of curve fitting.
The results are presented in Figs. 2-4 for three high permeability magnetic materials with relative permeability between 50 000 and 500 000. 
B. Second Group of Materials
Two Ni-Fe magnetic materials are used for curve fitting from material data resource [17] Table I presents maximum and rms errors for five analyzed materials. The large value for maximum errors is due to mismatching between the curve fitting function and measured data at one point. 
TABLE II NORMALIZED RMS ERROR AND NORMALIZED MAXIMUM ERROR-FUNCTION WITH LESS UNKNOWNS
IV. ALTERNATIVE FUNCTIONS Shorter form of the proposed analytical function and standard rational function, (8) and (9), is also evaluated. Table II shows corresponding errors for using (8) , which are totally increased in comparison with the longer form function in (7). The rational function with fifth-order and 10 unknown results are presented in Fig. 8 . Two discontinuities are observed due to the zeros in the denominator of rational function, which is common for rational function curve fitting. It needs complicated algorithm to remove zeros [5] , [7] . This phenomenon has less probability to happen in the proposed analytical function because powers of parameter, x, is not an integer number as in (9) f
The unknowns are calculated for (8) presented in this paper, which could give less precision rather than rational function.
V. MODIFIED B-H CURVE
A modified B-H curve is used when magnetic materials are involved in ac or time harmonic analysis especially with high non-linearity. The B-H curve is modified to B 1 -H , which B 1 is the fundamental component of flux density when field strength changes in sinusoidal form [14] , [15] .
Figs. 9 and 10 show the B 1 -H curve from measured values and curve fitting function. The results are promising for B 1 -H curve. The calculated results for maximum error of flux density and relative permeability, rms error of flux density and relative permeability are 1.41% and 1.41%, 0.29% and 0.70%, respectively.
VI. CONCLUSION
New analytical function has been presented, which could precisely model B-H curve and relative permeability. The selected materials were high magnetic permeability Ni-Fe alloys but the presented analytical function could also be used for other magnetic materials. The main advantages of presented function are its compact format and high precision even with low number of unknowns for curve fitting. The typical value of rms error ranges from 0.3% to 1.6 %.
Standard rational function was compared with the proposed analytical function, which has the disadvantage of probable zeros in denominator and discontinuities in the modeled curve. Exponential functions for B-H curve modeling are not as precise as rational functions. The unknowns of the proposed analytical function could be calculated with simple curve fitting function.
Compatibility of the proposed analytical function has been presented for modified B-H curve corresponding to fundamental component of flux density, which also shows high precision.
